In this paper we consider batch arrivals of containers at a port container
INTRODUCTION
In this paper, we focus our attentiom on solving or at least simplifying the problems concerning container yard in the port by applying some analytical models of queuing theory. The objective is to describe this model for defining the strategies at yard and to calculate the total cost of the system. It is obvious that the arrival and service processes of containers at container yard must give the input data in the shape of some statistical distribution.
A container yard in the port can be considered as a queuing system defined by basic parameters: the container arrival rate and the container service rate in an observed period of time. It is evident that the optimal number and capacity of servers must be of greater importance in real system. The total cost of the system can be also determined by the specific number of servers. In shipberth link, quay cranes are servers and, on the other hand, servers at container yard are specific types of yard cranes. Therefore, the costs of yard cranes make important point for obtaining total costs of containers at the terminal.
It is well known that containers arrive at yard in batches and its behavior must fit some statistical distribution. Considering that, it is noted that for valid analysis some studies used batch arrival queuing model and batch arrival multi-server queuing system. Several authors have investigated this system using different techniques. Mennis et al. in [1] used Markov theory and reliability models for the estimation of the associated risks and costs that can result in delays due to machinery breakdowns in container terminals. Gaver in [2] used Markov chain method for defining the arrival in batches to a single channel with arbitrary service time distribution. Also, using renewal theorem of batch arrival, Burke in [3] solved a single-server queuing system. All these authors have carried out their own theory about queuing systems, specifying the best approach for modelling container terminals in the port. Speaking of batch arrival of customers, Kozan in [4] made a comparison of analytical and simulation planning models of container terminals and shows the advantages of simulation because it is able to capture all details and the complexity of a real system. He also pointed out the importance of better approach to modeling the container port system by batch arrivals of containers as opposed to ships. He considered the ships as a batch of containers.
The analysis of a queue with batch arrivals and batch-dedicated servers is explained in [5] . In this paper, it is considered the ∞ / / G M queuing system with batch arrivals whose jobs belonging to a batch have to be processed by the same server. In [6] it was developed an analytical methodology of bulk queuing system. This methodology determines the optimum number and capacity of berths within seaports and river ports. In [7] , the authors deal with the port storage locations as queuing systems with bulk arrivals and a single service. The optimal numbers of servers in queuing system with bulk arrivals by minimizing the total costs of system are determined in [8] . In the papers [9] and [10] authors discussed about the anchorage-ship-berth link at the port utilizing queuing theory with bulk arrivals. The developed process is described by the non-stationary multi-channel queuing system. In the same manner, Laxmi and Gupta in [11] analyzed a multi-server queue with bulk arrivals and finite-buffer space. Lagoudis and Platis in [12] used birth-and-death modelling in order to examine the improvement of container terminal operations in two stages of the container transportation process. Dynamic system performance evaluation in the port utilizing queuing models with batch arrivals was studied by Dragović et al. in [13] (for similar topics, see [14] [15] [16] [17] ). Furthermore, the total cost for different port systems was extensively studied in literature in the last fifteen years ( [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] ) (for earlier related study, see [29] and [30] ).
The remainder of the paper is organized as follows. The mathematical model of considered batch arrival multi-server queue M X /M/c is described in Section 2. Moreover, in this section it is derived the analytical expression for the specific cost ratio related to this port queue model. Related numerical and graphical results are presented in Section 3. Concluding remarks, including the potential subject for the further investigations in related topic, are presented in the last section.
MATHEMATICAL MODEL
Here we examine a batch arrival multi-server queue M X /M/c described as follows. Containers arrive at a port container yard in batches according to a timehomogeneous (stationary) Poisson process with mean arrival rate λ. A container yard is a single or multichannel system with c yard cranes for the service. The c yard cranes have independent, exponentially distributed service times with common average service time 1/μ (μ is the service rate). The queue discipline is first come first served by tows batch and random within the tow batch. The number of containers that arrive for service at the same time is a discrete random variable X with distribution given by a k = P(X = k), k ≥ 1 (where k = number of containers in group), whose mean is a X E = ) ( and the variance σ
. Furthermore, the interarrival times, the batch sizes and service times are mutually independent. The service times of service batches (containers) are independent of the arrival process. The utilization factor or server occupancy of considered queue model is
, and its traffic intensity is usually defined as θ = λ/μ.
Let P n (n = 0,1,2,…) be the (steady-state) probability that there are n containers in a port container yard. Let 
Further, by ([31] , Chapter 5, Section 5.2, p. 244, Eq. (5.2.14)), we find that
Comparing (1) and (2), we immediately obtain
It is known that for the probabilities P n (n = 1,2,…) the following Kabak's recurrence relations ( [10] and [32] ) are satisfied:
where
with μ(n) = μ · min{n,c}, n = 1,2,… (5) and the coefficients A i are recursively defined as
, and
For our purposes, it is suitable the following expression for the average number of containers present in considered queuing system with c yard cranes
where a and σ 2 are the mean and the variance of random variable X, respectively. Taking / c a θ ρ = into (7), we obtain ( )
Total annual cost related to a queuing system with c yard cranes
Let us note that the total cost for numerous port systems was extensively investigated by many authors. In particular, this concerns the problem of determination and minimization of the so-called the specific cost ratio which is rarely investigated in the literature. Namely, under some given constraints, the determination of specific cost ratio and the optimal numbers of berths in a port in the sense of minimization of related specific cost ratio for certain single arrival and bulk arrival queueing systems were studied by several authors in [18] [19] [20] , [22] [23] [24] [25] [26] [27] [28] [29] [30] . By considering the total annual cost for queuing systems with c yard cranes, in [27] (also see [28] ) it was established the following equality: 
where R c is the specific cost ratio (i.e.., the quotient of total annual cost for queuing system with c yard cranes and total annual cost of containers) and
the daily yard crane-container cost ratio (the quotient of daily operating cost of yard crane and the daily cost of containers).
The equality (10) shows that the value of specific cost ratio depends on the average number of containers at the yard, L = L(c).
Now we consider the case when containers arrive and service at a port container yard in batches according to the batch arrival multi-server queue M X /M/c described above. Recall that in [28] it was studied the specific cost ratio concerning the queue model M X /M/c, where X is a constant or a geometric distribution. As applications, some numerical examples are presented in [28] for the port of Bar, Montenegro. Moreover, in [20] it was considered the case when a group of containers that arrive at yard has the shifted-Poisson distribution X with the parameter a, that is,
Motivated by the Poisson distribution ( [32, 33] ) and the shifted-Poisson distribution (for more information on the genearilzed random variables involving Poisson distribution, see [34] ), here we consider the case when a group of containers that arrive at yard has the Poissonlike distribution X with the parameter a > 0, whose probability law is defined as (cf. [17] )
Note that the random variable X is well defined in view of the fact that
For our computational purposess we will need the following result (cf. [17] ).
Proposition. The mean and the variance of X are respectively given by 
Then from (11) and (14) we immediately obtain 
(1 ) Taking (12) and (13) into (8), and then into (10) after a routine calculation, we obtain the following expression for R c : 
NUMERICAL RESULTS
Here, we consider container's arrivals at a port container yard as a particular batch arrival multi-server queue M X /M/c described in Section 2, where the batch size (X) has a Poisson-like distribution (cf. [28] , where it was assumed that X has a constant or a geometric distri-bution, and in [20] , where it was supposed that X has a shifted-Poisson distribution). A container yard is a sin-gle or multi-channel system with c yard cranes for the service (c = 1,2,3). The number of containers that arrive for service at the same time is a Poisson-like distri-bution X whose probability law is defined by (11) with parameter a = 2 or a = 5 (cf. [17] ). For a related discu-ssion it is supposed that the value of utilization factor ρ varies between 0.2 and 0.8. It is assumed that the daily yard crane-container cost ratio is equal to r cy = 0.4. For these purposes, by applying the formulae (3) - (6), (12) and (13), here we deduce the formulae for the specific cost ratio R c with c = 1,2,3 related to the M X /M/c queue in which a group of containers that arrive at yard has the Poisson-like distribution X defined by (11) . From (12) Case 2: c = 2. Then from (3) we find that P 0 = 1 -ρ -P 1 /2, while from (4) - (6) and (19) 
Case 3: c = 3. Then from (3) we obtain P 0 = 1 -ρ -(2P 1 +P 2 )/3, while from (4) - (6) and (19) we find that The expressions for the solutions P 0 , P 1 and P 2 of the previous system of three linear equations are very large (complicated), and hence, here they are omitted. Taking the above values for P 0 , P 1 and P 2 into (16) with c = 3 yields 
Applying the expressions (20), (21) and (22), we obtain the numerical results given in Tables 1 and 2 . Also, by using the expressions (20) , (21) and (22), we obtain the numerical results given in Tables 3 and 4.  Tables 1 -4 and Figures 1 -3 show that the values of R c (i.e., the quotient of total annual cost for queuing system with c yard cranes and total annual cost of containers) increase with respect to both variables (parameters) c (for a fixed ρ) and ρ (for a fixed c). Moreover, the same fact is true with respect to the parameter a when a > 1. Accordingly, in order to decrease the total annual cost for queuing system with c yard cranes with respect to the total annual cost of containers, it is necessary to decrease at least one of these three parameters. Let us notice that by the equality (10) it follows that R c > L(c), and thus, R c > 1 whenever L(c) > 1 However, it can be seen from Table 1 Tables 1 and 2 for ρ with 0.2 ≤ ρ ≤ 0.5. Taking into account the previously mentioned facts, it can be believed that further study of the concept of specific cost ratio involved in different types of costs in various port systems (considered as some queuing systems), would be very appropriate and useful for improving related port efficiency.
CONCLUSION
Since containers arrive at a port container yard in batches, their arrivals can be often described as a particular batch arrival multi-server queue. In this paper we consider batch arrivals of containers at a port container yard which is a multi-channel system with c yard cranes for the service. More precisely, it is modelled as a batch arrival multi-server queue M X /M/c in which the size X of arriving group is distributed by the Poissonlike distribution. For such a multi-server queue, here it is deduced the explicit expression for the specific cost ratio (R c ) defined as a ratio of total annual cost to total annual cost of containers. Using this expression, some numerical and graphical results are presented.
Notice that the queuing modeling approach to the analysis of specific cost ratio can be important for understanding various kinds of port operations and determining the optimal values of their performances. In particular, further study of the concept of specific cost ratio concerning the investigations of different types of costs in several port systems (considered as certain queuing systems) would be important for improving the corresponding port efficiency. Some results in this direction were established in the literature during last ten years. Accordingly, we believe that the obtained results of this paper should be useful for further research in this direc-tion.
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